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Oh: 



There are two known CFT duals, namely the J-picture and the Q-picture, for a four- 
dimensional Kerr-Newman black hole, corresponding to the angular momentum J and 
the electric charge Q respectively. In our recent study we found a set of novel CFT 
k\ ' duals for extremal Kerr-Newman black hole, incorporating these two pictures. The novel 

,^ , CFT duals are generated by the modular group SL{2,Z). In this paper we study these 

novel CFT duals for the generic non-extremal Kerr-Newman black hole. We investigate 
^■f-N , the hidden conformal symmetry in the low frequency scattering off Kerr-Newman black 

^ ' hole, from which the dual temperatures could be read. We find that there still exists a 

CO , hidden conformal symmetry for a general CFT dual. We reproduce the correct Bekenstein- 

^T ■ Hawking entropy from the Cardy formula, assuming the form of the central charge being 

invariant. Moreover we compute the retarded Green's function in the general CFT dual 
picture and find it is in good match with the CFT prediction. Furthermore we discuss 
the hidden conformal symmetries of the five dimensional Kerr black hole and obtain the 
similar evidence to support the general dual CFT pictures. 
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1 Introduction 

In Kerr/CFT correspondence [1], it was stated that an extreme Kerr black hole could be 
holographically described by an 2D chiral conformal field theory (CFT) with the non- vanishing 
temperature Tl = 1/2tt and the central charge cl = 12J, where J is the angular momentum 
of Kerr black hole. Then the Bekenstein-Hawking entropy Sbh = 27r J could be reproduced 
by the Cardy formula 

ScFT = —clTl- (1.1) 

Such correspondence was soon generalized to various extreme black holes. ^ 

In particular, the extreme black holes with multiple ^'^(1) symmetries are especially in- 
teresting. For such cases, it turns out that for each U{1) there is a dual holographic CFT 
description correspondingly [3,4]. For example, for a four-dimensional (4D) Kerr-Newman(- 
AdS-dS) black hole, in addition to the J-picture corresponding to the rotation U{1) symmetry, 
there is another Q-picture corresponding to the U{1) gauge symmetry, which could be changed 
into a geometric U{1) isometry when the metric is uplifted to five dimensions. Moreover, novel 
CFT duals of extremal Kerr-Newman(-AdS-dS) were proposed very recently in [5], with the 
help of the stretched horizon formalism developed in [6] . The novel CFT duals are generated 
by the modular group SL{2, Z). Every novel CFT is defined with respect to a Killing symme- 
try of translation along an angular variable, which could be the linear combination of original 
two Killing symmetries. The phenomenon that a general Killing symmetry defining a dual 
CFT has been found in higher dimensional Kerr black holes with multiple U{1) rotational 
symmetries as well. In general, for an extreme Kerr-Newman black holes in higher dimensions 
with n U(l) symmetries, the novel CFT duals could be generated by the SL{n, Z) T-duality 
group. 

The CFT dual to an extreme black hole is actually not chiral. It was pointed out that there 
is actually a right-moving sector with the same central charge [7,8]. But the excitations are 
suppressed in the extreme limit. When one consider the scattering off the extreme black hole, 
the black hole becomes near-extremal, the right-moving sector is excited. In the near-horizon 
limit, the modes of interest are the ones near the super-radiant bound. It was shown in [9-13] 
that the bulk scattering amplitudes were in precise agreement with those in the CFT descrip- 
tion whose form is completely fixed by the conformal invariance. Furthermore, the Kerr/CFT 
correspondence was developed even for generic non-extremal case. In a remarkable paper [14] 
it was argued that the existence of conformal invariance in a near horizon geometry is not a 
necessary condition, instead the existence of a local conformal invariance in the solution space 



^See the nice review [2] for complete references. 



of the wave equation for the propagating field is sufficient to ensure a dual CFT description. 
The observation indicates that even though the near-horizon geometry of a generic Kerr black 
hole could be far from the AdS or warped AdS spacetime, the local conformal symmetry on 
the solution space may still allow us to associate a CFT description to a Kerr black hole. The 
periodic identification of angular variable in the conformal coordinates not only breaks the 
SL{2, R) symmetry to U{1), it also allows us to read the temperatures of dual CFT. With the 
assumption that the central charge is still cl = cr = 12J, the non-chiral Cardy's formula 

Scft = y(''lTl + crTr) (1.2) 

reproduces the non-extremal Bekenstein-Hawking entropy. Further support to this picture 
comes from the agreement of the low frequency scalar scattering amplitudes in the near region 
with the CFT prediction. It turned out that this hidden conformal symmetry is an intrin- 
sic properties of the black hole, not an artifact of the scalar equation of motion [15]. For 
an interesting study on how the conformal symmetry appears, see [16]. The hidden confor- 
mal symmetry of various black holes have been studied widely in the literature. The hidden 
conformal symmetry of Kerr- Newman black hole was studied in [17-20]. The hidden confor- 
mal symmetry of 5D Kerr was studied in [21,22]. For other study on the hidden conformal 
symmetry in the Kerr/CFT correspondence, see [23]. 

In this paper we would like to investigate if the novel CFT duals found in [5] still make sense 
for the generic non-extremal case. We focus mainly on four-dimensional (4D) Kerr-Newman 
black hole and five-dimensional (5D) Kerr black hole. Though both kinds of black holes have 
the same feature that there are two U{1) hairs, they are physically very different. Nevertheless 
for both cases, we show that there exists general hidden conformal symmetry as well in the low 
frequency scattering off the black holes, which allows us to read the dual temperatures directly. 
With the similar assumption that the form of the central charges should be unchanged, we 
reproduce exactly the macroscopic Bekenstein-Hawking entropies of the black holes. We also 
show that the retarded scalar Green's functions are in perfect match with the CFT predictions. 
All these facts suggest that the novel CFT dual pictures apply to the generic non-extremal 
black holes without trouble. 

The paper is organized as follows. In Section 2 we give a brief review of the general CFT 
duals we got in [5] for extreme 4D Kerr-Newman and 5D Kerr. In Section 3 we introduce 
the hidden conformal symmetry of both extremal and non-extremal black holes and discuss 
its implications on real-time correlators. In Section 4, we investigate the general hidden con- 
formal symmetries of 4D Kerr-Newman. In Section 5, we turn to 5D Kerr. We end with the 
conclusions and discussions in section 6. 



2 General CFT duals of extreme black holes 

In this section we give a brief review of the general CFT dual pictures for 4D extreme Kerr- 
Newman black hole and 5D extreme Kerr black hole. More detailed discussion could be found 
in [5]. 

2.1 Kerr-Newman black hole 

For a Kerr-Newman black hole with mass M, angular momentum J = Ma and electric charge 
Q, its metric takes the ADM form 

ds^ = -^dt^ + ^dP + p^de^ + V (# + N'^dty , (2.1) 



with 



p^ = r'^ + a'^cos'^9, A = r^ - 2Mr + a^ + Q^ 

S2 = {r^ + a^f -Aa^sin^e, 

, _S2sin2e ^^_ {2Mr-Q^)a 



P 



2 ' ^2 



The gauge field is 



P 
There are two horizons located at 



A = -^{dt-asiiPed(l)). (2.2) 



r± = M± Vm2 - a2 - Q2. (2.3) 

When M^ = a^ + Q^ is satisfied, the two horizons merge at r_|_ = r_ = M and give us an 
extremal black hole. The Bekenstein-Hawking entropy, Hawking temperature, angular velocity 
of the horizon and the electric potential are respectively 

Sbh =7r(r^ + a^), 

r^ — r- 
^ " Anirl + a2) ' 

^H = ^— 2' 

^H = ^^. (2.4) 

For a Kerr-Newman black hole, there are two parameters J and Q besides the mass M, 
to characterize the black hole. These two hairs correspond to two U{1) symmetries of the 
background, one is the rotational symmetry U{l)j whose generator is d^ and the other is 
the U{1)q gauge symmetry, which changes to a rotational symmetry dy. when the metric is 



uplifted to five dimension. It has been shown that for each f7(l), there is correspondingly a 
CFT dual, namely the J-picture and Q-picture. In the J-picture we have the central charge 
and temperature 



2 I „2 



r± + a 



ci = l^J, Ti = ^^, (2.5) 

and in the Q-picture, 

c2 = ^Q', T^ = "^^- (2-6) 

Moreover, there are more general U{1) symmetries, which is just the translation in a general 
angular direction 

with 



, , G SL{2,Z). (2.. 

70' 

Correspondingly, there are more general dual pictures, namely (p' picture and x' picture, with 

r'i + a'^ 



4=o(2a.j+^<3^), ^r = ,,p;,^,Q3) . 



ri + a^ 



ci=H2-,j^m. ^.^= ,,p;j;,Q3) - m 



When 

' a (3 \ / 1 



7 ^ ; - V 1 " ^'-''^ 

we recover the J-picture and Q-picture respectively. With Cardy's formula (1.1) all the pictures 
can correctly reproduce the Bekenstein-Hawking entropy 

ScFT = yCLTi = 7r{rl + a^) = Sbh- (2.11) 

For non-extremal Kerr-Newman black hole, the hidden conformal symmetries in the J- 
picture and Q-picture were studied in [18, 23] and [20] respectively. In the J-picture we have 
the temperatures 

T/ = -t , Ti = -t -, (2.12) 



and in the Q-picture 



-,Q r'i+r^+ 2a^ „o r'i - r^ 



^"- 4.Q3 ■ ^? = i^s?r- P-«) 



If we assume in the non-extremal case, the left and right central charges are the same and 
unchanged from the extremal case 



J — ^J 



Ci — c^ — 12J, 



S = ci = 6Q3, 



cl =4 =6(2aJ + /3Q3), 

e[ = c^' = 6(27J + (5Q^), (2.14) 

then with the Cardy formula (1.2) we find that both J- and Q-pictures can correctly reproduce 
the Bekenstein-Hawking entropy 

ScFT = y(cl7l + crTr) = Ti{rl + a") = Sbh- (2.15) 

In this paper, we will show that the general pictures whose central charges are (2.14) still make 
sense for generic non-extremal black holes. 

2.2 5D Kerr black hole 

The 5D rotating Kerr black hole solution was firstly obtained by Myers and Perry in [24]. Its 
metric takes the form 



„2 



-^{dt- asin^ 9d4> - ftcos^ Odipf + '--dr"^ + p^dO'^ 
p^ A 



SVC? Q , , , r, 9, , -,9 cos^ r, , / 9 ,9n , -,■- 
+ — ^{adt - (r^ -F c?)d4>f + — ^%dt - (r^ -^ }?)d^Y 
p^ p^ 



1 
r'^p" 



+ -^^[abdt - b{r^ + a^) sin^ Odcj) - a{r^ + 6^) cos^ 0#]^ (2.16) 



where 



A = \{r'^ + a^){r'^ + b'^)-2M, p^ = r"^ + a^ cos^ 6 + h^ W 6. (2.17) 



The physical mass and two angular momenta of the black hole are 

SttM ttMo TiMb 

The two solutions of the equation r^A = give us the outer and inner horizons r±. 



rl = M- "^—^ ± J(M - "^—^f - a%^. (2.19) 

When M = [a + &)^/2, the black hole becomes extremal with r_|- = r_ = \/ab. The surface 
gravity at the outer and inner horizons are 

_ r±{rl-r^) 
'^±-(4 + ^2) (4 + 62)' ^^■^^) 
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and the Hawking temperature is 

T - ^+ - r+{rl-rl) 

" 2tt 27r(r2_ + a2)(r2_ + 62)' ^ ' ' 

The angular momenta of the two azimuthes at the outer and inner horizons are 

ni = ^^, nl = ^^. (2.22) 



There are also ^r^l defined in [25] as 



'^" +^ +" (r2 +a2)(r2 +62) 



)<^ _ oV- _ r+(a-b)(r+-r,) 
(r^ + a2)(r2_ + 62) 



n, = nt-nl= ';r7 ZV\. ■ (2-23) 



The Bekenstein-Hawking entropy of the black hole is 



2r, 
and in the extremal limit it becomes 

^2 



5.„^=M±^!M±^, (2.24) 



SBH = ^^{a + hf. (2.25) 

It was calculated in [4] that the central charges and the temperatures of the two chiral 
CFT pictures, namely the (f) picture and ip picture, dual to the extreme 5D Kerr are 



cl = -h{a + b), Tl = -^ 
2 vra 



ct = '-^a{a + bf, Tt = ^. (2.26) 



Moreover, in [5] it was argued that there are novel general dual pictures parameterized by 
with 



, g5L(2,Z), (2.27) 
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With Cardy's formula for chiral CFT, all pictures can reproduce the Bekenstein-Hawking 

(2.25) entropy correctly 

7r2 
ScFT = -itClTl = Sbh- (2.29) 



It is more illuminating to rewrite the central charge of the 5D Kerr black hole in terms of 
physical quantities. And to discuss the generic non-extremal black hole, we assume the left 
and right central charges are the same and their forms are unchanged from the extremal case. 
Then the central charges of three different pictures could be respectively 

^ ^ 37ra(r^+a2)(r2_+62) 



2 I „2\/^2 I u'i\ 



c% = Q{aJ^ + /3J^) 



3TT{ab + /3a) (r| + a^){r\_ + 5^ 



2r 



2 



'^L ='^R = 6(7«^V + ^'U) = ^"1 • (2-30) 

According to [21,22], there are two different pictures for a general non-extremal 5D Kerr 
black hole, namely the (p picture and the ip picture, corresponding to two f/(l) isometrics. In 
the (p picture the temperatures are 



2Trb ' ^ 2-Kb 



Tt = ^±^, Tt,= '-±^^. (2.31) 



Then with the central charge (2.30) and temperatures (2.31) the Bekenstein-Hawking entropy 
(2.24) could be reproduced from microscopic point of view 

stpT = Y^4Tt + 4t^) = Sbh. (2.32) 

Similarly in the so called ip picture, all the results can be obtained by exchanging a -H- 6 in 
the results of (p picture. The general pictures for non-extremal 5D Kerr black hole will be 
investigated in section 5. 

3 Hidden Conformal Symmetry 

In this section we give a general review of the hidden conformal symmetries of both extremal 
and non-extremal black holes. 

3.1 Extreme case 

For an extreme black hole, the conformal coordinates cannot be the extremal limit of those 
for non-extremal black hole. They were introduced in [26] as 

uj^ = - ait + [5i(p 



2 \ r — r^ 

1 



^ ^ _ 27rTL0+2nLt 

2 



2l ^TTTL<t>+nLt /g j^-j 



2(r — r_|_) 



with which the vector fields could be locally defined 

Hi = id+ 

Ho = i( uj^d+ + -ydy 

if_i = i{oj+^d+ + oj+ydy - y^d-) (3.2) 

and 

Hi = id- 



1 

T 

.-2t 



Hq = i [uj d- + -ydy 



H^i = i{uj-'d- + oj-ydy - y'd+). (3.3) 

These vector fields obey the S'L(2,R) Lie algebra 

[i^o, H±i] = TiH±i, [H-i,Hi] = -2iHo, (3.4) 

and similarly for {Hq,H±i). The quadratic Casimir is 

n^ = n^ = -Hi + ]^{HiH^i + H^iHi) 

= \{y''dl-ydy) + y^d+d^. (3.5) 

In terms of (t, r, 0) coordinates, the Casimir becomes 

n,2_^( _ ^2 o _ lli^T^ndt - 2nLd^f 27i(2^r^0, - 2nLd^){^idt - aid^) 

with 1^2! = ^ttTlOi — 2nLJ3i and the sign of A2 is chosen to make f3i/A2 > 0. If the black 
hole has Killing symmetry along t and (p, then the scalar field can be expanded as <^ = 
^-tujt+tm<t> j^^^-^ ^ and the equation H.^^ = K^ gives us the radial equation of motion 

^2ji{2.nu. + 2n,mmu + aim)^^^^ ^ ^^^^^^ ^3_^^ 

Ai{r-r+) 

where ii' is a constant. 
Introducing 

we get the Whittaker equation 



2i-fi{2TTTLU} + 2nLm) 



1 ^2 



R"iz)+l-- + - + ^-^\Riz) = 0, (3.9) 



where 



fc= ^^^^" + "^"^\ n2 = i + K. (3.10) 

A2 4 



This equation has the solution 

Riz) = CiR+iz) + C2R-iz), (3.11) 



where R±{z) = e 2 ^2^"_F(^ it n — fc, 1 it 2n, z) are two hnearly independent solution. Near 
the horizon r — )■ r-|_, z — )■ 00, the Kummer function could be expanded asymptotically 

r(7) r(7) 

F{a, 7, z) ~ ^^' e— z'° + :pP^e^^-^ (3.12) 

1 (7 — a) 1 (a) 

As we need to impose purely ingoing boundary condition at the horizon, we have to require 

r(i-n-A:) ' r(i+n-fc) ^ ^ 

to cancel the outgoing modes, where C is a constant. 

When r — t- 00, z — t- 0, F{a, 7, z) — t- 1, and the solution has asymptotic behavior 

R ^ C2r^^'^ + Cir~^\ (3.14) 

where Hl is the conformal weight of the scalar 



hL = l + n = l + ^\ + K. (3.15) 

The coefficient k can be written as 

where the ul is composed of the CFT parameters: the frequency ujl, the charge ql and the 
chemical potential jj,l 

OJL=l^L- qifJ-L, (3.17) 

with 

27r/3i Tlo; 27raiTi 
WL = -. , qL = m, fiL = 1 • (3.18) 

>i2 A2 

Then the retarded Green's function could be read directly [?] 

02 r(l - /li - ^2^) 27rJL 27riL ^tt-Zl 

which agrees with the CFT Euclidean correlator 

Ge - Tf-^e^-^/^^-r (/., - 1^) r [h, + 1^) , (3.20) 

10 



with the Euchdean frequency 

U}L,E = ^L,E - iqif^L, ^L,E = i^L- 
The absorption cross section can be read from the retarded Green's function 

2 



(3.21) 



a ~ IuiGr oc sinh 



2Tl 



r(/iL + i 



2tiTl 



(3.22) 



which agrees with the finite temperature absorption cross section for a 2D chiral CFT 

2 



cT^Tf^-^sinh' '^^ 



2Tl 



T{hL + i 



2^Tl 



3.2 Non-extremal case 

For the non-extreme black hole, the conformal coordinates could be defined as [14] 



bJ 



Ul 



y 



r — r^ 
( 

r — Tj^ 
( 

_ — r_ 



^2-KTii(t>+2nRt 



,2TTTL4>+2nLt 






^niTR+TL)4>+{nR+nL)t 



with which the vector fields could be locally defined 

Hi = id+, 
Ho 



i ( a;+a+ + -ydy , , 



H^i = i{uj+^d+ + oj+ydy - y^d^ 



and 



i[u d- + -ydy 



Hi = id. 
Ho 

H_i = i{uj^''d^ + uj'ydy - y^dj^). 

These vector fields obey the SL(2, M) Lie algebra 

[Ho, H±i] = TiH±i, [H_i,Hi] = -2iHo, 

and similarly for {Ho,H±i). 
The quadratic Casimir is 



n^ = 'H'^ 



-H^ + -{HiH^i + H^iHi) 



{y^dl-ydy) + y'd+d. 



(3.23) 



(3.24) 



(3.25) 



(3.26) 



(3.27) 



(3.28) 
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In terms of (t, r, 0) coordinates, the Casimir becomes 

(r+ - r.)[K{TL + TR)dt - K + ur)^ '"^ 



7i = dr{r — rj^){r — r^)dr 



16TT'^Al{r-r+) 



^ (r+ - r^Mn - TR)dt - {UL - nR)d^f 

+ 167r2^f(r-r_) ' ^'^^^' 

with Ai = Tlur — Trul. With the scalar field being expanded as $ = e~*'^*+*™'^i?(r), the 
equation T-L^^^ = K^ gives us the radial equation of motion 

- ^^^ " ''^^"^i^.'^I;^"!^)"' " "^^"^]' i^(r) = Ki?(0, (3.30) 

where i^ is a constant. 

The equation (3.30) can be solved in term of the new variable 

r — r+ 



and the solutions include ingoing and outgoing modes as 



where F{a, b; c; z) are the hyper geometric functions and 



t:{Tl + Tr)uj + [uL + nR)m 

7 = 



A'k\Ai\ 
ttTloj + riLm 
27t\Ai\ ' 
ttTrco + URm 



with 



(3.31) 



r(^^) = z-^^{l-z)''F{a,b;c;z), 

jliout) ^ ^i7(i _ z)^F(a*, h*-c*;z), (3.32) 



a = h — i 

b = h — i , , , , 

2vr|^i| 

c = 1 - i2j. (3.33) 

As r — 7- oo, z — 7- 1, 1 — z — 7- r~^, and the ingoing modes behave asymptotically 

i?M ^ Ar'^-i + Sr-'^, (3.34) 



_ r(2/i-i)r(c) _ r(i - 2/i)r(c) 

r(a)r(6) ' ^"r(c-a)r(c-6)' ^"^"^^^ 
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and the confornial weight being 



hL = hR = h=^ + ^J^ + K. (3.36) 

Hence, the coefficients a, b can be expressed in terms of confornial weights and two parameters 

a = hj} — i — — -, b = hr — i — — -, (3.37) 

and so, 

where (oj L,u}fi) are composed of three sets CFT parameters : the frequencies {ujljOJr), the 
charges iqL,QR) and the chemical potentials {nL,f^R) 

OJL=UJL- qifJ-L, OJR = UJR- QRHR, (3.39) 

with 

ttTlTruj 

qL = qR = m, 

TlUr TrUl 

The retarded Green's function can be read from A, B 

B T{a)T{b) 



A T{c-a)T{c-b) 
oc sm I TThi + I sm I vr/i/j + i- 



2TlJ V ^Tn 

xT(hR-i^^]T(hR + i^^). (3.41) 



' i /ii? + 1 — 

27tTrJ V 27rTfi/ 

This agrees with the CFT Euclidean correlator 

Ge ~ T'^^L-lj,2hR-l^iCjL,E/'iTL^iCjR,E/'2TR 

V 2t:Tl) V 27rTLy 

27tTrI V 27tTrI' 



with the Euclidean frequencies 



(3.42) 



l^L,E = ^L,E - iqLlJ'L, ^L,E = l^L, 

OJR,E = ^R,E - iqRfJ'R, UJR,E = i^R- (3.43) 
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The absorption cross section can be read from the retarded Green's function 



a ~ ImGp oc sinh ( — - — \ — -— | 
\2Tl 2Tr) 



^i"'-'^) 



^R \ 



which agrees with the finite temperature absorption cross section for a 2D CFT 



, (3.44) 



o" ~ T^ Jr smh ( 7^^;^ + 



2Tl 2Tr 



T{hL + i 



2tiTl' 



T{hR + i 



^R . 

2^Tr' 



(3.45) 



4 General pictures for 4D Kerr-Newman Black Hole 



In this section, we discuss the hidden conformal symmetries in the 4D Kerr-Newman black 
hole. Firstly we study the extreme case and re-derive the temperature in the general dual 
picture. Next we discuss the non-extreme case and find the hidden conformal symmetry in 
the low-frequency scattering, from which we identify the left and right temperatures. Then we 
successfully reproduce the macroscopic entropy via the Cardy formula. Moreover from the first 
law of black hole thermodynamics, we identify the CFT conjugate charges which allow us to 
rewrite the low frequency scattering amplitudes in a form consistent with the CFT prediction. 

4.1 Charged massive scalar wave equation 

In a 4D Kerr-Newman black hole background, the scalar field can be expanded as <5 = 
g-«t^t+jm0+jex^^j,j^^^^^ with X being explained as the coordinate of the internal space of the 
C/(l) symmetry. Thus the Klein-Gordon equation for a charged massive scalar 

(V^ - ieA^){V^' - ieA^')^ - ^2^ = 

can be decomposed into the angular and the radial equation 



-^de sin OdeSiO) + ( \ - a^ iio'^ - ^?) W 6 - ^^ ) 8(6) = 0, 
sm 6 \ sin r 



(4.1) 



(4.2) 



drAdrRir) + 



[(r^ + a'^)uj — Qer — am] 

A 



/i^(r^ + a^) + 2maa;-Ai?(r) = 0, (4.3) 



where A is the separation constant. 

For a non-extremal Kerr-Newman black hole the radial equation can be recast in the 
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following form 

af \f ^^ D^ ^ , [irj + a^)uJ - am - Qr+e]\ 

Orir — rj^){r — r\OrR\r) -\ ^^^- Rir) 

(r — rj^){r^ — r_) 

[{r1_ + a?)uj — am — Qr_e]^ 

1 Vt ^ ^(^) 

(r — r_j(r+ — r_) 

+ [(^2 - ^2)^2 ^ 2(Mw - Qe)u:r + ^^(a^ _ q2) + (2c^M - Qe)2]i?(r) 

The potential terms in the last line of left-handed side can be neglected if we make the following 
assumptions [20]: (l)small frequency ujM <^ 1 (consequently uja <^ 1 and ujQ <^ 1), (2)small 
probe mass fiM <^ 1 (consequently /ua ^ 1 and nQ <^ 1), (3)small probe charge Qe <^ 1, 
(4)near region ojr <^ 1 with ui = max{a;,;u}. Then we have the polar angular and radial 
equations 

-^de sin edeSie) +(x- -^) S{9) = 0, (4.5) 

sm y \ sm J 

[(ri + a2)aj - am - (5r+e]2 

dr[r — r+){r — r^)drR{r) H ^^- R{r) 

(r — r^)[r^ — r_) 

Jirl+a')--am-Qr^e]^^^^^ = KRir), (4.6) 

(r — r^)[r^ — r_) 

where we have A = /(/ + 1) and K = l{l + 1) + fj?a'^. 

Similarly for an extreme Kerr-Newman black hole, the radial equation is 

drir - r+) drR{r) -\ ^ -^ R{r) 

^2{2r^u -Qe)[{ri + a-).- am -Qr^e] ^ 

r — r^ 

4.2 Extremal case 

Here we use the new angular coordinates (p' = acj) + Px and x' = I'P + 5x,with 

Q /3 " 



^ ^ , G5L(2,Z). (4.8) 

The identification e^™'^+*^>^ = e™>'+*<='^' gives us 

m, = am' + 7e', e = fim! + 5e' . (4-9) 
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In order to get the dual picture corresponding to the (j)' direction, we have to turn off the 
momentum mode along the x' direction by imposing e' = 0. Then (4.7) becomes 

dr{r - r+ydrRyr) -\ R{r) 

[r — r+j^ 

2(2r+w - l3Qm')[{rl + a^)oj - {aa + pQr+)m'\ ^ , , 

H K[r) 

r — r^ 

= KR{r). (4.10) 

After we make the change 9^ — t- d^i, m ^- m' in (3.6) and (3.7), we find the agreement between 
(3.7) with (4.10) under the identification 

Jq""' ' '' = — W 

aa + l3Qr+ ^/ ^ r\ + a? 

2{2aJ + l3Q^y -^ ~ 27r(2a J + /3Q3) • 

This agreement shows that there exist a hidden conformal symmetry in the low-frequency 
scattering off the Kerr-Newman black hole. The identification (4.11) gives us the temperature 
of the dual CFT, in perfect agreement with the temperature in the general picture (2.9). 

Since the CFT dual to an extreme black hole has only left non-vanishing temperature, the 
microscopic entropy comes from only the left sector. It is easy to see that Cardy's formula 
(1.1) reproduce exactly the Bekenstein-Hawking entropy of extremal Kerr-Newman black hole 

Sbh = <rl + a^) = TT (m^ + ^\ . (4.12) 



(4.13) 



n<P' ^' + <p' <p' ^"'^ ^ y^ <p' 

^/ _ aa + pQr+ .. _ rl + a 



M2 
Taking variation directly, we have 



SSrh = 2-K 



M-—.]6M + —.5 J 



With the constraint of the extremal condition M = J /M + Q giving 

^ + ^) '^^ " JP^-^ ~ ^^^ = °' (^-^^^ 

we have 

5Sbh = 2tt{2M5M - Q5Q). (4.15) 

The CFT conjugate charge dE'l is defined as 

^S^CFT = ^, (4.16) 

and the identification with (4.15) gives us 

(2M2 - Q^){2M5M - Q5Q) 
2aJ + I3Q 






16 



The identifications of parameters are 5M = uj, 5J = m = am' + ^e' and 5Q = e = fim' + 5e' . 
Since tlie probe scalar does not have the momentum mode along x' direction, e' = 0, we have 

wf = SEf {6M = uj;6J = am'; 6Q = (3m') , (4.18) 

which agrees with the relation (3.17), now with 

""^ - 2a J + /3Q3 ' 1L-^^ f^L- 2aJ + /3Q3 • (^.19) 

Therefore we show that the first law of thermodynamics gives us the correct identification 
of quantum numbers such that the scattering amplitude is in perfect match with the CFT 
prediction. 

Similarly, we can show that there are CFT dual corresponds to the x' direction with the 
central charges and temperatures, 

4'=a(2V + ^e»). n' = ^-A^^, ,4.20) 

4.3 Non-extremal case 



For the general picture we set e' = 0, and (4.6) becomes 

a^)a; 

(r — r^){r^ — r_) 



dr{r — r^){r — r^)drR{r) -\ — R{r) 



[{rl. + o?)uj - {aa + pQr-)m'Y „ , , 

1 V( ^ ^'^^i 

[r — r_j(r+ — r_j 
= KR{r). (4.21) 

To find the agreement with the quadratic S'L(2,]R) Casimir equation (3.29), we have 

^> _ 2aa + /3Q(r+ + r_) ^. _ /3Q(r+ - r_) 



n; 



4(2aJ + /3Q3) ' ^ 4(2aJ + /?Q3)' 

r\ +r'^+ 2d} ^/ r\ — r^ 

47r(2a J + /3Q3) ' '^R = 47r(2a J + /3Q' 

The central charge are supposed to be 






cl =4 =6(2aJ + /3Q3)^ (4.23) 



and then the CFT microscopic entropy gives precisely the Bekenstein-Hawking entropy 

S'^CFT = Y^^Tf + 4t^) = <rl + a') = Sbh- (4.24) 

The three sets CFT parameters, namely the frequencies (w^ j'^/j)) the charges {qj^ ,<?^) 
and the chemical potentials (/i^ )A*ij)) t^^Y combine into two quantities (a;|^ I'^ij) appearing 
in the scattering amplitude 

(4.25) 
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with 



CO 



^ 2(2aJ + /3Q3 



/ 



Ql =qR=m, 

^' _ (3Q{rl + rl+2a^) 
^^ 2(2aJ + /3Q3) ' 

6' _ [2aa + /3Q(r+ + r_)](r++r_) 
^«" 2(2«J + /3Q3) • ^4.2bj 

On the other hand, from the first law of black hole thermodynamics 

SS,„ = «-»«^-^-^«^'0 ,4,27) 



and its CFT counter-terms 

_ 5Ef 5E 

^CFT 



^S^CFT = ^ + -#, (4.28) 



Tl n 



we get the conjugate charges {6E'l , SEf^ ) as 

(2M2 - Q^){2M6M - Q5Q) 



SE' 



^ ~ 2aJ + pQ^ 

(2M2 - Q^)2M6M - 2J6J - 2M'^Q6Q 
2aJ + /3Q3 



'^^R - o., 7 , «n3 • ^4.29j 



The identifications of parameters are 6M = uj, 5J = m = am' + ^e' and 5Q = e = /3?tt-' + 5e' . 
Since the probe scalar does not have the momentum mode along %' direction, e' = 0, we have 

(I;^' = 5Ef {6M = u;;6J = am'; 6Q = f3m') , 

Cof^ = 6E'I^ {6M = io;6J = am'; 6Q = (3m') , (4.30) 

which agree precisely with the relation (4.25). In other words, the black hole thermodynamics 
gives the correct identifications such that the scattering amplitudes are in good match with 
the CFT prediction. 

Also, there are the x'-picture CFT dual with 

ci = 4 = 6{2^ J + 6Q'), 

^ rl+r'_+ 2a^ . ^ rl - rl 

^ 47r(27J + (5Q3)' R AT:{2^J + 5Q^y ^ ' 

5 General pictures for 5D Kerr Black Hole 

Physically, the 5D Kerr black hole is completely different from 4D Kerr-Newman. It has two 
[/(I) rotational symmetries, defining two conserved angular momenta. In [5], we showed that 
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there exist novel CFT duals for extreme 5D Kerr. In this section, we try to study these CFT 
duals for generic non-extremal 5D Kerr. We start from the low frequency scalar scattering off 
the black hole and investigate the existence of hidden conformal symmetry. In this case, we 
actually need to modify the conformal coordinates slightly. More precisely we should replace 
the r and r± in the conformal coordinates introduced in section 3 with r^ and r^. Then we 
find that for both extremal and non-extremal 5D Kerr black hole, there exist general hidden 
conformal symmetry. 

5.1 Scalar scattering 

The scattering of massless scalar off a 5D Kerr background has been thoroughly studied in [25] . 
In this background, the scalar field could be decomposed as 



^ _ j^ij.\g(^Q\g~ii^t+im^(p+im^ilj _ ]^(^\gtQ\^~ii^t-\-imii{(t>+il))+imL{'i>-'>l>) 



(5.1) 



with niff,^^ = rriR it rriL. After separation of variables, the radial equation turns out to be 



dxK 4 /ax ^4 



xAu^ - A + Mio^ + 



1 f u mR9.R + rriL^L 



X — I \ ^4 



K+ 



1 f uj mnViR - rriL^L 



X + ^ \K- 



K+ 



i? = 0, 



(5.2) 



where A is a constant we will never need, A stands for the eigenvalue of the angular Laplacian, 
and X is defined as 



X 



r^ — i(r^ +r^ 



Under the low frequency limit Moo <^ 1 and in the near region r <^ —, (5.2) is just 

o .2 2^/2 2xo D, ^ , {rl - r^_)[uj - jn'llm^ + nlm^)]^ 

0^2 (r^ - r±){r^ - rt)Oj.2R[r) H ^ „ — \- R[r) 



V-. 



{rl-rl)[u-{Qtm^ + Qlm^)] 



AK^ir"^ — Tj 



-R{r) = KR{r), 



4^2^ (^^2 _ j,2 -) 

where A into K = A/4. In the extremal limit, (5.4) can be recast into 



(5.3) 



(5.4) 



9^2(r^-r|)^5^2i?(r) + 



(a + 6)"' / m^ + m^ 
4(r2 - r^) V a + b 



ab{a + 6)^ / m^ + m^ 
4(r2 -r\Y \ a + h 

{a-b){m^ -m^) 
{a + bf 



R(r) 



00 



R{r) = KR{r) 



(5.5) 



19 



5.2 Extremal case 



Similar to 4D Kerr-Newman case, we need to use the linearly independent coordinates (j)' 
a(j) + fSip and iJj' = 7</> + Sip, with 

a /3 " 



7 S 



G SL{2, 



(5.6) 



to study the general pictures. The identification e™'^'^+^™'^'^ = e™<^"^'+^™>^'V'' gives us 

m^ = am^i + jm^i, m^ = /3m^i + 5m^i. (5.7) 

In order to get the picture corresponding to the (p' direction, we have to turn off the momentum 
mode along ip' direction by imposing tti^/ = 0. And then (5.5) becomes 

ah{a + 6)4 



d^2{r' -rXYd^2R{r) + 



w , 1 R{r) 



4(r2 -r\Y \" a + b 



(a + by 



4(r2 



UJ 



{a + /3)m0/ 
a + b 



UJ 



(a — /3)(a — h)m^i 

(^T6p 



i?(r) = Ki?(r). (5.8) 



As we have modified the definition of the conformal coordinates slightly, the r and dr in the 
radial equation (3.7) becomes r^ and 8^.2 . If we further set m — )■ m^i in (3.7) and compare it 
with (5.8), then we find the agreement with the following identifications 

(a + 6)2 ^0' _0' _ {ab + f3a)^/ab{a + bf ^i 



/?r 



-aT 



(a-/3)(a-6) 1 ' 
\/a6 ^' 



7i 



ni 



(a-/3)(a-6) 
(a + l3)^/ab 



-a 



1 ' 



(5.9) 



^ TT{ab + f3a)' ^ (a6 + /3a)(a + 6) ' 

Therefore from the study of the hidden conformal symmetry, we find the same temperature as 
the one obtained in [5]. According to (3.18) in the general picture the chiral CFT frequency 
cu^, charge q^ and chemical potential fi^ are respectively 



U!t 



(a + 6)2 ^, ^, (a-/?)(a-6) 



(5.10) 



^ 2(a6 + /3a)~' '^^ "^'''' ^^ 2{ab + f3a) 

The extremal 5D Kerr black hole entropy (2.25) can be written in terms of physical variables 

Sbh = 27r y/J^J^. (5.11) 

Taking variation on (5.11) directly and noting (2.18), we have 

7r{bSJ^ + adJ,^^ 



SSbh 



ab 



And from the extremal constraint M = (a + 6)^/2, we have 

5J^ + SJ^ 



SM 



a + b 



(5.12) 



(5.13) 



20 



Then we have (5.12) written as 



SSbh 



7r(o + 6)2 



2Vab 



6M 



{a- b){5J^ - SJ^) 



(a + by 



(5.14) 



Identifying the relation (5.14) with that in dual CFT 



6s: 



5El 



CFT 



(5.15) 



we get the conjugate charge 



5El 



(g + bf 
2{ab + /3a) 



6M 



(a -b){5J^ - 5J^) 



(5.16) 



(a + 6)2 

The identifications of parameters are 5M = uj, 5J^ = m^ = am^i + ^m^i and 6J^ = m^ 
fim^jyi + 5m^i . Now since m^/ = 0, we have 



(5.17) 



which is in accordance with (5.10). 

Similarly, the ^|^' picture CFT dual can be confirmed in the same way. 

5.3 Non-extremal case 



For the general picture we use the same coordinates {(p', ip') as the extremal case and turn off 
the ip' direction momentum mode by setting m^i = 0, then we find that Eq. (5.4) becomes 

2 



(ri — r^ 



9^2 (r^ - rX^){r' - rt)d.,2R{r) + 



OJ - ( an'': + i^n^ ) m 



(ri — r^ 



AK^ir"^ — rV 



-R{r) = KR{r) 



-R(r) 



(5.18) 



4^2^ ^^2 _ J.2 ■) 

Similarly if we set r ^ r"^, m ^ m^i in (3.30) and compare it with (5.18), then we have 

(5.19) 



^ 2Tr{ab + (3a)' ^ 27r {ab + (3 a) 



n; 



n 



{a + p)rl{a + b){r+ + r_) 

'2{ab + ^a){rl+a^){rl + b'^)'' 

(a — (3)r'^{a — 6)(r+ — r_) 



R 



2{ab + ^a){rl+a^){rl + b'^)' 

to find the agreement. Therefore we find the hidden conformal symmetry in the low frequency 
scattering off the 5D Kerr black hole, which allows us to read the temperatures (5.19) of the 
dual CFT. 
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With the central charge (2.30) and the temperatures (5.19) of the general picture we can 
reproduce successfully the Bekenstein-Hawking entropy (2.24) from the CFT entropy 

sf^FT = Y^cfrf + 4'r^') = SsH- (5.20) 

According to (3.40), in the general picture the CFT frequencies (w^ , w^ ), charges ((7^ , q'^ ) 
and chemical potential {fi'f^ , /i]^ ) are respectively 

2 ' 



2{ab + ^a)r 

<!>' 0' 
11 ='iR =m4>', 

4>' _ {a- P){a-b) </,' _ (a + /3)(a + 6) , 

^^ " 2{ab + pa) ' ''^" 2(a6 + /3a) ' ^^^ ^ 



From the first law of black hole thermodynamics 

.5J4 
Th 



5M - ntSJs - nt6J^ 
6Sbh = "^ ^^ (5.22) 



and its CFT dual 

'^CFT 



^L ^R 



we get the conjugate charges [SE'l^ , dEf^ ) in CFT as 



/3 _ {rl + a^){rl + b^)dM - rlja - b){5J^ - 5J^) 
^ 2{ab + I3a)rl 

,2 , ^2N/^2 ,h2\x\^ _ ^2 



{ri + a^)(r| + b')6M - rjia + 6)((5J^ + 6J^) 
2{ab + l3a)r] 



>K = '" "" ,:.^«.;. " " " ■ (5-24) 



which could be identified with {u)^,u;^) 

o)^ = SEJ^ (^5^A = uj; 5J^ = am^r, 6J^ = fim^i^ . (5.25) 

Therefore, the hidden conformal symmetry indeed lead to a consistent dual CFT picture, 
supported by the low frequency scattering amplitude. 

In the same way, we can get the -(/''-picture temperatures 

^^ "27r(76 + <5a)' « " 27r(76 + <5a) ' ^^^^' 
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6 Conclusions and discussion 

In this paper we investigated the general hidden conformal symmetries of extremal and non- 
extremal 4D Kerr-Newman and 5D Kerr black holes systematically. From the study of the 
hidden conformal symmetry of extreme black holes, we re-discovered the temperatures of the 
general dual CFT pictures suggested in [5]. Moreover, we showed that even for generic non- 
extremal black holes, there exist general hidden conformal symmetries in the low- frequency 
scattering off the black holes in certain region. The existence of such hidden conformal symme- 
tries on the solution space suggesting that there are general CFT duals to these non-extremal 
black holes. Indeed, we read the temperatures from the identification of radial equation with 
the SL{2, M.) Casimir and then reproduced the Bekenstein-Hawking entropies from microscopic 
CFT counting via the Cardy formula, under the assumption that the form of the central charges 
keep unchanged from the ones in extreme cases. We found further nontrivial support to the 
general CFT duals from the agreement of the real-time correlators with the CFT Euclidean 
correlators, where the first law of black hole thermodynamics is essential to determine the 
conjugate charges. 

In this paper, we focused on the 4D Kerr-Newman black hole and 5D Kerr black hole, both 
of which have two U{1) symmetries. We believe for higher dimensional rotating black holes 
we can also have the similar picture and the general CFTs found in [5] can be generalized to 
non-extremal case, with the help of the hidden conformal symmetry. 
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